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In the previous lecture, we proved that O(1)-spectral independence implies an inverse poly-
nomial spectral gap lower bound for Glauber dynamics, which we then improved to the optimal
Q(1/n) lower bound when our distribution is globally Markov w.r.t. a bounded-degree graph. In
this lecture, we analyze contraction of KL-divergence using similar tools. In particular, we estab-
lish optimal Q(1/n) lower bounds on the modified and standard log-Sobolev constants, as well as
the optimal O(nlogn)-mixing of Glauber dynamics. The main tool in our discussion will be an
analog of spectral independence for entropy known as entropic independence [Ana-+22].

One of the main theorems of this lecture is the following, which we copied (and abridged) from
the previous lecture.

Theorem 0.1 (Optimal Mixing for Sparse Graphical Models; [CLV21]). Let p be a probability
measure on {+1}". Suppose u satisfies the following properties:

(i) Spectral Independence: There exists n < O(1) such that for every S C [n] and every
pinning T : S — {£1}, the conditional distribution u”™ is n-spectrally independent.

(i) Conditional Independence: There exists a graph G = (V,E) on vertex set V = [n] of
mazximum degree A such that p is globally Markov w.r.t. G.

(iii) B-Marginal Boundedness: Suppose there exists a constant 0 < B < 1/2 such that for
every S C [n], every pinning 7 : S — {£1}, and every i € [n]\ S, we have pul (+1), ul(—1) >
B.

Then v(Pep), 0(Pep), k(Pep) > Qy a,2(1/n) and Pgp mizes in Oy A z(nlogn)-steps.

1 Entropic Independence

In the previous lecture, the key step to bounding the Poincaré constant was showing that spectral
independence implies the following variance inequality

(1 - 12") Vary (f) < Einfn) [Bsnp, [Varges ()] Y {1} 2 R, (1)
or equivalently,
Vary, (f1) < HT” “Var, (f)  Vf:{£1}" =R (2)

Here, recall that pq, f1 are supported on [n] x {£1}, and defined by marginalization: p1(i,s) =
LPr,li < s] and fi(i,s) = Eypies [f] for all (i,s) € [n] x {£1}. These inequalities allowed us
to inductively factorize the variance until we obtained E;y []ET’VH—z: [Var,,- (f)]] = &ep(f, f), the
Dirichlet form appearing in the Poincaré Inequality. The entropic analog of these inequalities is
what we need to factorize the entropy and establish bounds on the modified and standard log-
Sobolev constants.

Definition 1 (Entropic Independence; [Ana-+22]). We say p is n-entropically independent if

(1= Bty (1) < B [Bu Bty ()] 975 (1) R (0



or equivalently,
1+
Ent,, (f1) € —-Bnt, (f),  ¥f:{1}" =Rz, @

In the literature, these inequalities also go under the name (approzimate) subadditivity of en-
tropy or (approzimate) Shearer Inequalities; see e.g. [Bar-+11; Bla+22|. They are more often
written as

1+
Ixr, (1 | ) < T” D (v ), o

Proposition 1.1 (Entropic Independence = Entropy Factorization (Informal); [Ana-+22]). Let
w be a probability measure on {£1}", and fix 1 < k < n. Suppose there exists n < O(1) such that
for every S C [n] with |S| <n—k—1 and every pinning 7 : S — {£1}, the conditional measure
u” is m-entropically independent. Then

Ent,, (f) < Cy 'ES~([Z]) [Erepy s [BEntur ()] Vf:{E£1}" = R, (5)

with Cy S ().

Proof Sketch. Follow the proof of the first “spectral independence implies fast mixing” theorem in
the previous lecture, using Eq. (3) and replacing every occurrence of Var(-) with Ent(-). O

Remark 1. In the case k = 1, Eq. (5) is often referred to as approximate tensorization of entropy.

Lemma 1.2 (Consequences of Entropy Factorization; see e.g. [CMT15]). Let p be a probability
measure on on {x1}". If u satisfies Eq. (5) with k = 1, then Glauber dynamics w.r.t. p has
modified log-Sobolev constant o(Pgp) > C% If in addition p is B-marginally bounded in the sense

of Item (iii), then Glauber dynamics w.r.t. p has standard log-Sobolev constant k(Pgp) > m,
1-2.%

where C'g = Toa(5-1) is some constant depending on A.

1.1 Optimal Entropy Factorization for Glauber Dynamics

The last ingredient to prove Theorem 0.1 is to show that spectral independence (along with
marginal boundedness) implies entropic independence. This is proved in the next section. Once
we have entropic independence, all of the same entropy factorization arguments go through.

Theorem 1.3 ([CE22]). Suppose u is a distribution on {£1}™ satisfying the spectral independence
and marginal boundedness assumptions Items (i) and (iii) from Theorem 0.1. Then p and all of
its conditional distributions are O(n/%?)-entropically independent.

Proof Sketch of Theorem 0.1. From our assumptions combined with Theorem 1.3, we know that
p and its conditionals are O(n/%?)-entropically independent. We then apply Proposition 1.1 with
k= (1—6)n for a constant 0 < § < 1, and then further factorize the entropy using the shattering
property for sparse graphs for the remaining levels. This is exactly as we did in our proof of the
optimal Poincaré Inequality. One can literally follow every step of the proof in the previous lecture
and replace every occurrence of Var(-) with Ent(-). One should be slightly careful in the final
factorization step, where we have Ent,; (f) for a pinning 7: V' \ S — {£1} and U is a connected
component of G[S] (which is typically small by the Shattering Lemma); for a full implementation,’
see [CLV21]. Ultimately, we obtain Eq. (5) with C; < O, a,2(n). Applying Lemma 1.2 finishes
the proof. O

1One way is to bound the standard log-Sobolev constant of Glauber dynamics w.r.t. uyy, which turns out implies
entropy factorization. We can apply off-the-shelf comparison inequalities between the standard log-Sobolev constant
and the Poincaré constant, making use of marginal boundedness, and use spectral independence to bound the
Poincaré constant. Notably, we can afford all sorts of exponential losses in these arguments because the probability
that |U| = ¢ is exponentially decaying in ¢, with a rate we can make as fast as we want by tuning 6.



2 Spectral Independence + Marginal Boundedness — En-
tropic Independence: Proof of Theorem 1.3

We break the proof of Theorem 1.3 into two steps: We first reduce entropic independence to
a more “local” entropy inequality which only involves “sufficiently averaged” functions like fi.
This averaging will allow us to compare “local entropies” with “local variances” by leveraging
marginal boundedness. In particular, in our second step, we reduce this “local” entropy inequality
to the analogous “local” variance inequality, which is guaranteed by spectral independence by the
arguments provided in the previous lecture.

Let us now set up the required notation. Fix a function f: {£1}"™ — R. For 0 < k < n, define
the function f; on pinnings of k£ coordinates by

def

fu(T) = Eonp [f(0) | 05 = 7], V1S — {£1} s.t. |S| =k,
and the distribution py on pinnings by
1
pe(r) € s Priog =7l.
(x) o~

Note that p, = u, fr, = f, and that if f = g—: is the density of some other probability measure on

{£1}", then fi = % for all 0 < k < n. Note that E,, [fi] = E,[f] for all 0 < k < n.
Remark 2. A dynamical way to view these distributions uj and functions fj is to think of them
as “projections” from the global distribution p on {£1}" and the global function f : {£1}" — R
down to partial configurations on k coordinates. In particular, if we let D™ ¥ denote the Markov
kernel which acts on distributions v by sampling ¢ ~ v and outputting the restriction og for a
uniformly random k-subset S ~ ([Z]), then up = pD™>*. Similarly, we can let 4/*/™ denote the
“dual” action w.r.t. u, where given a distribution v on pinnings on k coordinates, we first sample a
random such pinning 7 ~ vy, and then output a random complete configuration o ~ p conditioned
on o agreeing with 7. Then p = ppd*”"™ and fi, = U™ f.

We can combine this notation with conditioning. For a pinning 7 : S — {1} and 0 < k <
n —|S|, we can define

(™) = foqs(r U7, V' T — {£1} st. [T|=k,TNS =0,

and

1
pp (') = m Pr [or =71"|0s=1], Vr' T — {1} st. |T|=k,TNS=0.
k

o~

To reduce cumbersome notation, we write Entj(-) instead of Ent,r (-).

Definition 2 (Local Entropy Contraction). For 0 < o < 1, we say p satisfies a-local entropy
contraction if for every global function f: {£1}" — R>¢, the induced projections f1, fo satisfy

1

Ent1 (fl) S 5 (1 — %>_1 . Ent2 (fg) .

With these notations in hand, we can formalize our two steps.

Theorem 2.1 (“Local-to-Global” Entropy Contraction; [CLV21]). Suppose there exist constants
0 <ag,...,an_2 <1 such that for every 0 < k < n — 2, the following holds: For every pinning
7:8 = {£1} s.t. |S| =k, the conditional measure u” satisfies a-local entropy contraction, i.e.

1 o \ 7'
Buf (7)< 5 (1- 25 ) BMSUD. Vs 1) 5 R

Then for every 0 < k < { <mn and every global function f : supp (u) — Rx>o,
k—1j-1

Enty, (fx) < Enté(fz)7 where B, & Z H <1 - n2ai> . (6)
) -

B =0 i=0

Furthermore, analogous bounds hold for every conditional measure u”.



Proposition 2.2 ([CLV21]). Suppose u is a distribution on {£1}" satisfying the spectral inde-
pendence and marginal boundedness assumptions Items (i) and (iii) from Theorem 0.1. Then u
satisfies the a-local entropy contraction assumption of Theorem 2.1 with o = O(n/%?).

Proof of Theorem 1.5. By Proposition 2.2, we have a-local entropy contraction with o = O(n/%?).
Hence, applying Theorem 2.1 with £ = 1,¢ = n, we obtain

Ent1 (fl) S Entu (f) s Vf : {:l:l}n — Rzo,

1
Bn

where

=S (- ) 5 ()

7=0 =0 7=0

We are done if we can show that 3, > Q(%?n/n). If we truncate the sum to j = 0,...,6n for
some constant 0 < 6 < 1, then we get a lower bound of

B 2 6(1 = )07

A straightforward calculus exercise reveals the optimal choice of § is O(%2/n), and so we're done.
O

While we only applied Theorem 2.1 with £k = 1,/ = n, it will be useful in the proof to in-
ductively establish the general case 0 < k < ¢ < n. Also note that the case of / = n and k
arbitrary, Theorem 2.1 gives an analog of Proposition 1.1 with the same conclusion but replacing
the assumption of entropic independence with local entropy contraction in the sense of Definition 2.
Even though local entropy contraction implies entropic independence by Theorem 2.1, [Ana+22]
constructs simple examples where entropic independence holds but local entropy contraction fails.

2.1 Proof of Local-to-Global Entropy Contraction

The main tool we need is again the following lemma on entropy decomposition, which can be
proved via direct calculation.

Lemma 2.3 (Law of Total Entropy). Fiz f: {£1}" — Rx>q. Then for every 0 <k <{<n,

Enty (fo) = Enty, (fi) + Eony, [Ent7y (f74)] -

Proof of Theorem 2.1. Tt suffices to prove the special case £ = k + 1, since the general case Eq. (6)
follows by chaining these together. We go by induction. The base case k = 1 follows immediately
by the definition of local entropy contraction. By Lemma 2.3,

Entpi1 (frt1) — Entp—q (fi—1) = Eornpy, [Entg (f7)]
Enty, (fr) — Entr—1 (fr-1) = Eonp,, [EntT (f7)].
Local entropy contraction allows us to compare the right-hand sides of these two identities, and

induction allows us to control the second difference Enty, (fx) — Entg_1 (fx—1). This suggests how
we should implement the inductive step. In particular,

Entii1 (fot1) — Entp—1 (fi—1) = Egmpy, [Entg (f5)] (Lemma 2.3)
>2 <1 - n—z—&-l) “Egrpy_ [Ent] (f7)] (Definition 2)

a
=2 (1 — nkH) - (Entg, (fr) — Entg—1 (fx—1)) (Lemma 2.3)



Since ﬁ Entg_1 (fr—1) < 517 Enty (fx) by the inductive hypothesis,

2
Entpy1 (frs1) =2 (1 - n—i—i—l) -Enty, (fx) — (1 - n—ka—i—1> -Entp_1 (fr—1)

- 2a Br—1
> <2<1—n_k+1)—(1—n_k+1)~ A >‘Entk(fk)

(Inductive Hypothesis)
2 Br—1
“(- (i) (5 ) e

= ﬂgj -Enty, (fx) -

This completes the induction and the proof. O

2.2 Proof Sketch of Proposition 2.2

The key lemmas are the following. The first relates the deficit in local entropy contraction to the
variance of f; w.r.t. pp. The second shows that when the distribution is marginally bounded,
this variance Var; (f1) can be meaningfully compared with Ent; (f1) again up to constant factors.
Combining them in a straightforward manner immediately implies Proposition 2.2.

Lemma 2.4 ([CGM21]). Let p be n-spectrally independent. Then

Ents (f2) — 2 Enty (fi) > ——"— - Var (/1) Vi {£1}" = Rxo.

n—1 E, [fA]’

Lemma 2.5. Suppose p is B-marginally bounded. Then for every global function f : {+1}" —
R>o, the induced local function fi : [n] x {1} — R is “balanced” in the sense that

fi68) < o By Al ¥Gs) € ) x {21} (7
For such functions,
Ent1 (fl) < M < i . Ent1 (fl) .

- E,ul [fl] - ‘@2

Proof Sketch of Lemma 2.5. We prove Eq. (7). The rough intuition behind the second conclusion
is that z — 2z logx behaves quadratically in a neighborhood of 1, which is guaranteed by Eq. (7);
we refer interested readers to [CLV21] for the rigorous proof of this comparison between variance
and entropy. To justify Eq. (7), first note that we may assume by a global rescaling of f that
E.[fl=1,1e f= Z—Z for some other distribution v on {£1}". Then f; = jﬁ and E,, [f1] = 1.
From here, we immediately have that for all (i, s) € [n] x {£1},

~wni(i,s)/n vi(s) s 1

fl(i7 5)

O

Proof of Lemma 2.4. Since the desired inequality is scale invariant, we may assume E,[f] = 1, i.e.
f= g—Z for some other distribution v on {£1}". Our goal is to reduce Ents (f2) —2-Ent; (f1) down
to the quadratic form of an appropriate correlation matrix which can be related to ¥,. Towards
this, observe that we can view pg as a 2n x 2n symmetric matrix given by

. . 1 . .
/~L2((1a S)a (jvt)) = T) : U]-::I;L[U(/L) =S, U(]) = t]»
2
whose rows and columns sum to 2 - p1. Similarly, we can view fy = %2 as a symmetric matrix;

dpia
in particular, by the same reasoning as for us, the rows and columns 0# Vo = foo sum to 2- v =



2 fipur. A quick calculation, with z, y denoting coordinate-assignments pairs in [n] x {1}, reveals
that

Entq (f1) = Z pa(x) f1(x)log fi(x)

z€[n]x {1}

- % “Eloytons [fa(z,y) -log (fi(z) - f1(y))]

and so
Enta(f2) — 2+ Ent1(f1) = Egg yyop, [fo(2,y) - (log fa(z,y) —log (fi1(x) - f1(y)))]
2 Efoyirp [(f2(2,9) — f1(2) f1(y))] (alog § >a—b)
=1 (0 ) 1) (B, 112 = 1)
> (n” A2 (Qu) - 7111) -Var; (f1), (Poincaré Inequality for Q,,)

where Q,, € R27*27 ig the matrix of conditional probabilities we saw in the previous lecture:

Qu((iss), (4,1) = > pr o) =tlo(i)=s],  V(is), (1) € [n] x {£1}.

n o~p

Amax(¥y)
n

In particular, we already showed that 12(Q,) = , and so we’re done. O
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